Abstract. We consider the signature rank of the units in real multiquadratic fields. When the three quadratic subfields of a real biquadratic field K either (a) all have signature rank 2 (that is, fundamental units of norm −1), or (b) all have signature rank 1 (that is, have totally positive fundamental units), we provide explicit examples to show there exist infinitely many K having each of the possible unit signature ranks (namely signature rank 3 or 4 in case (a) and signature rank 1,2, or 3 in case (b)). We make some additional remarks for higher rank real multiquadratic fields, in particular proving the rank of the totally positive units modulo squares in such extensions (hence also in the totally real subfield of cyclotomic fields) can be arbitrarily large.
Introduction
Suppose F is a totally real field of degree n over Q and 0 = α ∈ F . For any of the n real places v : F ֒→ R of F , let sign(v(α)) denote the sign of the element v(α) ∈ R. We frequently view the sign of an element as lying in the additive group F 2 rather than the multiplicative group {±1} (so having value 0 if v(α) > 0 and value 1 if v(α) < 0), and the point of view being used should be clear from the context. The n-tuple of signs (. . . , sign(v(α)), . . . ) is called the signature of α.
When F/Q is Galois and one real embedding of F is fixed, we can view F as a subfield of R and the real embeddings of F are indexed by the elements σ in Gal(F/Q). In this case, the signature of α is given by the n-tuple of signs of the real numbers σ(α).
The collection of signatures of the units of F (viewed additively) is a subspace of F n 2 called the unit signature group of F and the rank of this subspace is called the (unit) signature rank of F . As in [DDK] , define the (unit signature rank) "deficiency" of F , denoted δ(F ), to be the corank of the unit signature group of F , that is, n minus the signature rank of the units of F . The deficiency of F is the nonnegative difference between the unit signature rank of F and its maximum possible value and is 0 if and only if there are units of every possible signature type. The deficiency is also the rank of the group of totally positive units of F modulo squares, and the class number of F times 2 δ(F ) gives the strict (or narrow) class number of F . It is trivial that the unit signature rank never decreases in a totally real extension of a totally real field. As noted in [DDK] , by a result of Edgar, Mollin and Peterson ([EMP, Theorem 2 .1]), the unit signature rank deficiency also never decreases in a totally real extension of a totally real field.
In this paper we first consider the unit signature rank of real biquadratic fields K. By a result of Kuroda ([Kur, Satz 11] ), which we summarize in the following proposition, the unit Proposition 1. Suppose K is a real biquadratic extension of Q having quadratic subfields k 1 , k 2 , k 3 , with corresponding fundamental units ε 1 , ε 2 and ε 3 .
(a) The group E K / −1, ε 1 , ε 2 , ε 3 is an elementary abelian 2-group (of rank at most 3).
(b)
If not all of Norm k 1 /Q (ε 1 ), Norm k 2 /Q (ε 2 ), and Norm k 3 /Q (ε 3 ) are equal to −1, then there are (up to a permutation of the quadratic subfields) precisely 7 possibilities for the unit group E K : 1. −1, ε 1 , ε 2 , ε 3 2. −1, √ ε 1 , ε 2 , ε 3 3. −1, √ ε 1 , √ ε 2 , ε 3 4. −1, √ ε 1 ε 2 , ε 2 , ε 3 5. −1, √ ε 1 ε 2 , √ ε 3 , ε 2 6. −1, √ ε 1 ε 2 , √ ε 2 ε 3 , √ ε 3 ε 1 7. −1, ε 1 , ε 2 , √ ε 1 ε 2 ε 3 where in each case any unit appearing in a square root has norm +1. (c) If Norm k 1 /Q (ε 1 ) = Norm k 2 /Q (ε 2 ) = Norm k 3 /Q (ε 3 ) = −1, there are precisely 2 possibilities for the unit group E K : 1. −1, ε 1 , ε 2 , ε 3 2. −1, ε 1 , ε 2 , √ ε 1 ε 2 ε 3
In [Kub] , Kubota proved that each of the possibilites in Proposition 1 occurs infinitely often, providing an explicit infinite family for each case.
Proposition 1 shows that the unit signature rank of the biquadratic field K is influenced both by the signatures of the fundamental units of the three quadratic subfields of K and by how those fundamental units are situated in the units of K. In this paper we concentrate on the two extreme cases: (a) where the three quadratic subfields either all have deficiency 0 (that is, fundamental units of norm −1), and (b) where the three quadratic subfields all have deficiency 1 (that is, have totally positive fundamental units). In case (a), the signature rank of the units of K is either 3 or 4 and we provide an explicit infinite family for each possibility (see Theorems 1 and 2 in Section 4). In case (b), the signature rank of the units of K is either 1, 2, or 3 and again we provide an explicit infinite family for each possibility (see Theorems 3 and 4 in Section 5).
In the final section we prove some results for higher rank multiquadratic fields. We prove that the unit signature rank deficiency can be unbounded in multiquadratic extensions, exhibiting specific families where the number of totally positive units that are independent modulo squares tends to infinity (see Theorems 6 and 8). In particular this proves the unit signature rank deficiency can be arbitrarily large in real cyclotomic fields (see Theorem 7).
Preliminaries on Units of norm +1 in real quadratic fields
is a real quadratic field (d > 1 a squarefee integer) with fundamental unit ε, normalized as usual so that ε > 1 with respect to the embedding of k into R for which √ d > 0. If Norm k/Q (ε) = +1 then, by Hilbert's Theorem 90,
for some α ∈ Q( √ d), which may be assumed to be an algebraic integer (for example, take α = σ(ε) + 1). The principal ideal (α) is invariant under σ (that is, is an ambiguous ideal) since σ(α) differs from α by a unit, so the element α satisfying (1) can be further chosen so that the ideal (α) is the product of distinct ramified primes. Also, (1) shows that α and σ(α) have the same sign (in either embedding of k into R), so multiplying α by −1, if necessary, we may also assume that α is totally positive. Then 0 < α < σ(α) in the embedding for which √ d > 0 since ε > 1 in this embedding. With these additional requirements, the element α is unique. Let m denote the norm of α:
so that m is a positive squarefree integer dividing the discriminant of k.
From (1) we have
so mε is a square in k * . We have
so
where α + σ(α) ∈ Z. Hence m Norm k/Q (ε + 1) is a square in Z. It follows that m is the squarefree part of Norm k/Q (ε + 1) and that m is positive since Norm k/Q (ε + 1) > 1 (note ε + 1 > 1 with respect to both embeddings of k). Finally, since mε is a square in k, m cannot equal 1 or d, as both of these values are squares in k and ε is not a square.
We summarize this in the following proposition.
as above, and let m denote the squarefree part of the positive integer Norm k/Q (ε + 1). Then m > 1, m divides the discriminant of k, m = d, m is the norm of an integer in k, and mε is a square in k.
2 where D is the discriminant of k (note the right hand side is positive, as is the left hand side). Then
which proves that the squarefree part of D/m is the squarefree part of −Norm k/Q (ε − 1).
By (5), Norm k/Q (ε + 1) is a positive integer whose positive square root is given by
3 Similarly, by (7), −Norm k/Q (ε − 1) is a positive integer whose positive square root is given by
(recall that σ(α) > α in the embedding where √ d > 0). Write the normalized element α satisfying (1) as
Then σ(α) > α > 0 and the definition of m gives
By (9) and (10), A is 1/2 of the positive square root of (the positive square integer) m Norm k/Q (ε + 1) and B is 1/2 of the negative square root of (the positive square integer) −m Norm k/Q (ε − 1)/d. Hence m, A, and B are easily computed once ε is determined (by a continued fraction algorithm, for example). 
(all square roots positive).
Proof. This follows from (3) by taking (positive) square roots.
Remark 2. The integer m = m ε in Proposition 2 can be defined for any (not necessarily fundamental) unit ε in k whose norm is +1, and the resulting m ε satisfies the properties in Proposition 2 with the exception that m ε could be 1 or d. If the unit ε also satisfies ε > 1, then the formula for √ ε in Proposition 3 also holds.
Some applications
We give some applications of the existence of the integer m = m ε for units ε of norm +1 in Proposition 2 (which could loosely be referred to as the 'm-technology'). The first is an elementary proof of a result of Dirichlet.
Proof. By way of contradiction, suppose Norm k/Q (ε) = +1. Then the integer m = m ε above divides p and is neither 1 nor p, which is impossible.
The next result is also due to Dirichlet and, together with the previous proposition, provides infinitely many examples of real biquadratic fields all of whose subfields have a fundamental unit of norm −1.
Proposition 5. Suppose that p 1 and p 2 are distinct primes with p 2 ≡ 1 mod 4 and with p 1 = 2 or p 1 ≡ 1 mod 4, and let ε be the fundamental unit of k = Q( 
is generated by the t classes of the ramified primes, which satisfy a single relation. If Norm k/Q (ε) = +1 and m = m ε , then m = Norm k/Q (α) as in (2). Then the principal ideal (α) is the product of the primes p that divide m and since α is totally positive this product is trivial in the strict class group, which is (b).
Remark 3. With notation as above, the 2-rank of the ordinary class group C k of k is either t − 1 or t − 2, with the latter occuring if and only if d is divisible by a prime q ≡ 3 mod 4. The principal ideal ( √ d) is trivial in C k , so the product of the classes of the (ramified) primes p that divide d is always trivial.
There are three possibilities:
(1) There is no element ω in k with norm −1 (i.e., d is divisible by a prime q ≡ 3 mod 4). Then C
is generated by the classes of the ramified primes, with two independent relations: the product of the classes of the primes p that divide d and the product of the classes of the primes dividing m = m ε are both equal to 1. (2) There is an element ω in k with norm −1 (i.e., d is not divisible by any prime q ≡ 3 mod 4) but ε has norm +1 (example: d = 34). In this case C k and C + k have the same 2-rank t − 1 (but |C
requires one generator in addition to the classes of the ramified primes: since Norm k/Q (ω) = −1, the principal ideal (ω) can be written in the form σa/a for some fractional ideal a, and the class of a in C k gives an element of order 2 not in the subgroup generated by the classes of the ramified primes (a defines an ambiguous ideal class but is not equivalent to an ambiguous ideal). As in (1) there are two independent relations among the classes of the ramified primes: the product of the classes of the primes p that divide d and the product of the classes of the primes dividing m = m ε are both equal to 1. (3) If ε has norm −1, then C k = C + k , so has 2-rank t − 1 with C k [2] generated by the classes of the ramified primes with unique relation that the product of the classes of the primes dividing d is equal to 1.
Real biquadratic fields whose quadratic subfields all have deficiency 0
In this section we suppose that K is a real biquadratic extension of Q having quadratic subfields k 1 , k 2 , k 3 , with corresponding fundamental units ε 1 , ε 2 and ε 3 , each of which has norm −1 (that is, the units of k 1 , k 2 , and k 3 have all possible signatures).
In this case, the matrix of signatures (viewed additively) of
which has rank 3. Hence the deficiency of K is 0 or 1 (that is, the signature rank of the units is 4 or 3). By Proposition 1, a set of fundamental units of K is given either by {ε 1 , ε 2 , ε 3 } or {ε 1 , ε 2 , √ ε 1 ε 2 ε 3 , }, depending on whether ε 1 ε 2 ε 3 is a square in K.
−1, whose proof we briefly recall since it will be useful later in the proof of Theorem 2. If σ is the nontrivial automorphism of K fixing k 1 , then η 1+σ = ε 2 1 (−1)(−1) = ε 2 1 since σ acts non trivially on the units ε 2 and ε 3 , each of which has norm −1.
Taking the product of the conjugates of
It follows that if √ ε 1 ε 2 ε 3 ∈ K then an odd number of conjugates of this element are negative, so its signature is not contained in the group of signatures generated by ε 1 , ε 2 , ε 3 in (14), so K has signature rank 4. This shows that which of the two possibilities in (c) of Proposition 1 occurs is determined by the unit signature rank of K. We record this in the following proposition.
Proposition 7. Suppose K is a real biquadratic field all of whose quadratic subfields have deficiency 0 (that is, their fundamental units ε 1 , ε 2 , and ε 3 have norm −1). Then
(1) E K = −1, ε 1 , ε 2 , ε 3 if and only if the unit signature rank of K is 3, or, equivalently,
and only if the unit signature rank of K is 4.
The following two theorems provide infinitely many examples of each possibility in Proposition 7. We begin with unit signature rank 4. Theorem 1. Suppose that p 1 and p 2 are distinct primes with p 2 ≡ 1 mod 4 and with
where ε 1 , ε 2 , ε 3 are the fundamental units for the three quadratic subfields of K.
Proof. By genus theory, the 2-rank of the class group of k is 1, that is, the 2-part of the class group of k is cyclic. Since Norm k/Q (ε) = −1, the class group and the strict class group of k are equal. If H + k denotes the strict 2-class field of k, then H + k is a totally real cyclic extension of k that contains the field K = Q( √ p 1 , √ p 2 ). If the signature rank of K were not 4, then K would have a nontrivial abelian extension L that is not totally real and is unramified over K at all finite primes. Hence L would be contained in the strict Hilbert 2-class field tower of k. But the strict 2-class field tower of k is just H + k (the tower terminates at the first layer because the Galois group over k of a nontrivial second layer would be a nonabelian group with cyclic commutator quotient group). Such an L therefore contradicts the fact that H + k is totally real, so the signature rank of K is 4 and then the final statement follows from (2) of Proposition 7.
Remark 4. The examples of Theorem 1 in which p 1 and p 2 are both odd and satisfy ( [Kub] , where Kubota proved by a different method that they give examples where the units in the biquadratic field K were given by case 2 of (c) in Proposition 1. This, together with Proposition 7, gives a slightly different proof that these fields have unit signature rank 4, and in particular the class number and the strict class number are equal since there are units of all possible signatures.
Remark 5. In fact the strict class number of the fields K in Theorem 1 is odd (so equal to the class number), as follows. The extension K/Q( √ p 1 ) is of degree 2, unramified outside the prime (p 2 ), and totally ramified at this prime, so its strict class number is odd if and only if the strict class number of Q( √ p 1 ) is odd (see [D1, Lemma] ), and Q( √ p 1 ) has odd class number by genus theory.
Remark 6. The example p 1 = 5, p 2 = 29, with ε = 12 + √ 145 (respectively, p 1 = 2, p 2 = 41, with ε = 9 + √ 82) shows there are fields with p 1 ≡ p 2 ≡ 1 mod 4 (respectively, p 1 = 2, p 2 ≡ 1 mod 4) and ( p 1 p 2 ) = +1 satisfying the hypotheses in Theorem 1.
Remark 7. When the hypothesis Norm k/Q (ε) = −1 in Theorem 1 is not satisfied, the unit signature rank of K is 3: the deficiency of the quadratic subfield k is 1 by assumption, so the deficiency of K is at least 1 (hence the unit signature rank of K is at most 3) and the first three rows in (14) give a matrix of rank 3.
We now consider fields of unit signature rank 3 in Proposition 7.
Theorem 2. Suppose n > 1 is an integer with n ≡ 2 mod 5 such that n 2 + 1 and (n + 1) 2 + 1 are both squarefree. Let K = Q( √ n 2 + 1, (n + 1) 2 + 1). Then each of the fundamental units ε 1 , ε 2 , and ε 3 of the three quadratic subfields of K has norm −1 and the unit signature rank of K is 3: a set of fundamental units for K is given by {ε 1 , ε 2 , ε 3 }.
Proof. For any positive integer a such that a 2 + 1 is squarefree, the fundamental unit in the field Q( √ a 2 + 1) is a + √ a 2 + 1, which has norm −1. We have (n 2 + 1)[(n + 1)
where N = n(n + 1) + 1. Since (2n + 3)(n 2 + 1) − (2n − 1)((n + 1) 2 + 1) = 5, the greatest common divisor of n 2 + 1 and (n + 1) 2 + 1 divides 5, so equals 1 precisely when n ≡ 2 mod 5. Hence, if n 2 + 1 and (n + 1) 2 + 1 are squarefree and n ≡ 2 mod 5, then N 2 + 1 is also squarefree. As a result, under these hypotheses the three quadratic subfields of K are
, with fundamental units ε 1 = n + √ n 2 + 1, ε 2 = (n + 1) 2 + 1, and ε 3 = N + √ N 2 + 1, each with norm −1. By Propositions 1 and 7 it remains to show η = ε 1 ε 2 ε 3 is not a square in K. As noted by Kubota (see the discussion leading to equation (15)
for some integers ν 1 , ν 2 ∈ {0, 1}. Writing η = x + y √ n 2 + 1 + z (n + 1) 2 + 1 + w √ N 2 + 1 ∈ K with N = n(n + 1) + 1 as above, equation (16) gives the following six equations:
Solving these equations yields the following values for w:
Because n 2 + 1, (n + 1) 2 + 1 and N 2 + 1 are squarefree and greater than 2 (since n > 1), it follows that for each choice of ν 1 , ν 2 ∈ {0, 1} there are no solutions (16) where w is rational. Since there are no solutions with rational x, y, z, w, this proves √ ε 1 ε 2 ε 3 cannot be an element of K, completing the proof.
Remark 8. When n = 1 the biquadratic field in Theorem 2 is Q( √ 2, √ 5), which has unit signature rank 4. Proof. The integers n 2 + 1 and (n + 1) 2 + 1 are never divisible by 4 and if either is divisible by p 2 for an odd prime p then p ≡ 1 mod 4. For each p ≡ 1 mod 4, p > 5, there are precisely two residue classes a mod p 2 for which a 2 + 1 ≡ 0 mod p 2 and two additional residue classes for which (a + 1) 2 + 1 ≡ 0 mod p 2 . When p = 5, there are precisely 7 residue classes a mod 8 25 for which a ≡ 2 or a 2 + 1 ≡ 0 or (a + 1) 2 + 1 ≡ 0 mod 25. It follows that the number of n ≤ x satisfying n ≡ 2 mod 5 and n 2 + 1 and (n + 1) 2 + 1 both squarefree is asymptotically equal to C √ x with C = (1 − 7/25) p≡1 mod 4,p>5 (1 − 4/p 2 ) ∼ 0.6810..., so there are infinitely many such n.
Real biquadratic fields whose quadratic subfields all have deficiency 1
Suppose now that K is a real biquadratic extension of Q whose quadratic subfields k 1 , k 2 , and k 3 have corresponding fundamental units ε 1 , ε 2 and ε 3 all with norm +1 (that is, each quadratic subfield has deficiency 1).
Since the deficiency in a finite extension of totally real fields never decreases, the deficiency of K is at least 1 and no more than 3. The following Theorems 3 and 4 prove the existence of infinitely many examples of each of the three possibilities for the unit signature rank. The method of proof involves the explicit construction of the group of units of K as in [Kur] , using the 'm-technology' of Proposition 2 as in [Kub] , summarized in the following proposition.
Proposition 8. Suppose K is a real biquadratic field with quadratic subfields
whose corresponding fundamental units are ε 1 , ε 2 and ε 3 , each with norm +1. Let E K denote the group of units of K. If m i is the integer associated to ε i in k i as in Proposition 2, then for integers n 1 , n 2 , n 3 , the unit ε By Proposition 1, the unit group for K is obtained from the group generated by −1, ε 1 , ε 2 , ε 3 by extracting square roots of units ε n 1 1 ε n 2 2 ε n 3 3 (namely, those that are squares in K). For this purpose it suffices to consider n 1 , n 2 , n 3 ∈ {0, 1}, not all 0, and Proposition 8 provides a simple criterion to ascertain when the associated unit is a square, provided the integers m 1 , m 2 , and m 3 are known.
If k = Q( √ q) for a prime q ≡ 3 mod 8, then the fundamental unit of k necessarily has norm +1. If m is the corresponding positive integer given by Proposition 2 then m divides the discriminant, 4q, of k, m is squarefree, and m is neither equal to 1 nor to q. Hence m = 2 or m = 2q. If q ≡ 3 mod 8, then 2 is not a square mod q, hence 2 is not the norm of an integer from k, which implies m = 2q. If q ≡ 7 mod 8, then 2q is not the norm of an integer (−q is a norm and −2 is not a square mod q, hence not a norm), so in this case m = 2. Suppose now that K = Q( √ q 1 , √ q 2 ) with distinct primes q 1 and q 2 with q 1 ≡ q 2 ≡ 3 mod 4. Let k 1 = Q( √ q 1 ), k 2 = Q( √ q 2 ), and k 3 = Q( √ q 1 q 2 ) be the three quadratic subfields of K, with corresponding fundamental units ε 1 , ε 2 and ε 3 , respectively, each of which has norm +1 since every discriminant is divisible by a prime ≡ 3 mod 4. Let m 1 , m 2 and m 3 be the integers corresponding by Proposition 2 to ε 1 , ε 2 and ε 3 , respectively. The values of m 1 and m 2 are determined by the congruences of q 1 and q 2 mod 8, as above.
The possible values of m 3 are q 1 and q 2 . If m 3 = q 1 , then q 1 is the norm of an integer from Q( √ q 1 q 2 ) so a 2 − q 1 q 2 b 2 = 4q 1 for some integers a and b. Reading this mod q 2 it follows that q 1 is a quadratic residue mod q 2 : ( q 1 q 2 ) = +1. If m 3 = q 2 , then similarly q 2 is a quadratic 9 residue mod q 1 , that is, ( q 1 q 2 ) = −1 since q 1 and q 2 are ≡ 3 mod 4. It follows that m 3 = q 1 if and only if ( q 1 q 2 ) = +1, and m 3 = q 2 if and only if ( Proof. By the remarks above, m 1 = 2q 1 and m 2 = 2q 2 in case (1), m 1 = m 2 = 2 in case (2), and m 1 = 2 and m 2 = 2q 2 in case (3). We have m 3 = q 1 if ( 3 mod squares, and since q 1 and q 2 differ by a square in K, for this question it is not important whether we take m 3 = q 1 or m 3 = q 2 . For n 1 , n 2 , n 3 ∈ {0, 1}, not all 0, the integer (2q 1 ) n 1 (2q 2 ) n 2 q n 3 1 differs by a square from one of 1, q 1 , q 2 , q 1 q 2 precisely for (n 1 , n 2 , n 3 ) = (1, 1, 0) or (0, 0, 1) or (1, 1, 1). It follows that a fundamental set of units for K is given by { √ ε 1 ε 2 , √ ε 3 , ε 2 }.
with integers A 1 , B 1 satisfying A 1 > 0, B 1 < 0 and
with integers A 2 , B 2 satisfying A 2 > 0, B 2 < 0 and
Since A 1 > 0 and B 1 < 0, we have
√ q 1 > 0 as well. Similarly, A 2 − B 2 √ q 2 and A 2 + B 2 √ q 2 are both positive.
Let σ ∈ Gal(K/Q) be the element mapping √ q 1 to − √ q 1 and fixing √ q 2 and let τ be the element mapping √ q 2 to − √ q 2 and fixing √ q 1 .
By (17) it follows that
Since m 3 = q 1 if ( q 1 q 2 ) = +1 and m 3 = q 2 if ( q 1 q 2 ) = −1, then as above, by Proposition 3 we have
with A 3 , B 3 ∈ (1/2)Z such that A 3 − B 3 √ q 1 q 2 and A 3 + B 3 √ q 1 q 2 are both positive. Hence
By (18) and (20), the signature rank of E K = −1, √ ε 1 ε 2 , √ ε 3 , ε 2 is 3, which proves (1).
Suppose now that q 1 ≡ q 2 ≡ 7 mod 8. Then m 1 = m 2 = 2 and m 3 = q 1 or q 2 . As before, for n 1 , n 2 , n 3 ∈ {0, 1}, not all 0, the integer 2 n 1 2 n 2 q n 3 1 differs by a square from one of 1, q 1 , q 2 , q 1 q 2 precisely for (n 1 , n 2 , n 3 ) = (1, 1, 0) or (0, 0, 1) or (1, 1, 1) , hence again in this case a set of fundamental units for K is given by { √ ε 1 ε 2 , √ ε 3 , ε 2 }.
In this case we have
and with √ ε 3 again given by (19). In this case, however, √ ε 1 ε 2 is totally positive (since
√ q 2 and A 2 + B 2 √ q 2 are all positive), so here the signature rank of the units of K is 2, which proves (2). In case (3), m 1 = 2, m 2 = 2q 2 , with m 3 = q 1 if (q 1 /q 2 ) = +1 and m 3 = q 2 if (q 1 /q 2 ) = −1. An analysis as before shows that { √ ε 1 ε 2 , √ ε 3 , ε 2 } again gives a set of fundamental units It follows that the unit signature rank of K is 3 and the deficiency is 1 if (q 1 /q 2 ) = +1 and the unit signature rank and the deficiency of K are both 2 if (q 1 /q 2 ) = −1 (since √ ε 1 ε 2 and √ ε 3 provide the same signature in the latter case), which proves (3).
Remark 9. Combined with results of the previous section, Theorem 3 shows the unit signature rank of a real biquadratic field Q( √ l 1 , √ l 2 ), where l 1 and l 2 are primes, is at least 2 (i.e., the deficiency is at most 2).
We now turn to the question of finding real biquadratic fields of deficiency 3. Note that since the unit signature rank never decreases in a totally real extension of a totally real field, each of the quadratic subfields of a real biquadratic field of deficiency 3 must necessarily have deficiency 1.
Suppose q 1 , q 2 , q 3 and q 4 are distinct primes ≡ 3 mod 4. Then the fundamental unit ε in k = Q( √ q 1 q 2 q 3 q 4 ) has norm +1, and the associated m = m ε is a divisor of q 1 q 2 q 3 q 4 , is neither equal to 1 nor to q 1 q 2 q 3 q 4 , and is a norm from k. We consider the constraints on the values of the quadratic residue symbols (
) imposed by different possibilities for m in turn: If m = q 1 then a 2 − q 1 q 2 q 3 q 4 · b 2 = 4q 1 implies q 1 divides a, so a = q 1 a ′ and we have q 1 (a ′ ) 2 − q 2 q 3 q 4 · b 2 = 4. Hence q 1 is a square mod q 2 , q 3 and q 4 :
The corresponding constraints if m = q 2 , after inverting one quadratic residue symbol, are
with similar results if m = q 3 or q 4 . These are recorded in the first rows of Table 1 . If m = q 2 q 3 q 4 , then a 2 − q 1 q 2 q 3 q 4 · b 2 = 4q 2 q 3 q 4 implies q 2 q 3 q 4 divides a, so a = q 2 q 3 q 4 a ′ and we have q 2 q 3 q 4 (a ′ ) 2 − q 1 b 2 = 4. This is the same equation considered for m = q 1 except the signs are reversed, so we obtain
since the q i are ≡ 3 mod 4. The constraints for m = q 1 q 2 q 3 , q 1 q 2 q 4 and q 1 q 3 q 4 are similarly the negatives of those considered for m a single prime and are recorded in the last rows of Table 1 . It remains to consider the cases when m is the product of two primes. If m = q 1 q 2 , then as before we obtain the equation q 1 q 2 (a ′ ) 2 − q 3 q 4 b 2 = 4. This yields
, and
Hence
where s = ±1. The constraints when m is one of the other possible products of two primes are obtained similarly and all the results are recorded in the middle rows of Table 1 . Table 1 summarizes the quadratic residue constraints imposed by the various possible values of m = m ε by the condition that m ε is a norm.
In the following theorem we use these constraints, together with the fact that there exist infinitely many collections of primes satisfying the necessary quadratic residue relations by Dirichlet's theorem on primes in arithmetic progression, to prove there exist infinitely many real biquadratic fields of deficiency 3.
Theorem 4. Suppose the primes q 1 , . . . , q 6 , each ≡ 3 mod 4, are chosen so that the following quadratic residue relations are satisfied:
Let ε 1 denote the fundamental unit for k 1 = Q( √ q 1 q 2 q 3 q 4 ), ε 2 the fundamental unit for k 2 = Q( √ q 1 q 2 q 5 q 6 ), and ε 3 the fundamental unit for k 3 = Q( √ q 3 q 4 q 5 q 6 ). Then {ε 1 , ε 2 , ε 3 } is a set of fundamental units for the composite biquadratic field K = Q( √ q 1 q 2 q 3 q 4 , √ q 1 q 2 q 5 q 6 ). In particular, these fundamental units are totally positive, so there exist infinitely many real biquadratic fields K having deficiency 3, i.e., having unit signature rank 1.
Proof. Comparing the values of the various quadratic residue symbols for q 1 , q 2 , q 3 and q 4 in Table 2 to the results in Table 1 shows that q 2 q 3 q 4 is the only possible value for m 1 = m ε 1 for the field Q( √ q 1 q 2 q 3 q 4 ). Table 1 . Summary of quadratic residue symbol constraints for primes q 1 , q 2 , q 3 , q 4 , each ≡ 3 mod 4, if the given value of m is the norm of an integer from Q( √ q 1 q 2 q 3 q 4 ). Value of s = ±1 is fixed in any given row, but rows are Table 2 . Quadratic residue symbol values for q 1 , q 2 , q 3 , q 4 in Theorem 4.
Comparing the values of the various quadratic residue symbols for q 1 , q 2 , q 5 and q 6 in Table  3 to the results in Table 1 (with q 3 replaced by q 5 and q 4 replaced by q 6 ) shows that q 2 is the only possible value for m 2 = m ε 2 for the field Q( √ q 1 q 2 q 5 q 6 ). Finally, comparing the values of the various quadratic residue symbols for q 3 , q 4 , q 5 and q 6 in Table 4 to the results in Table 1 (with q 1 , q 2 , q 3 and q 4 replaced by q 3 , q 4 , q 5 and q 6 , respectively) shows that q 4 q 6 is the only possible value for m 3 = m ε 3 for the field Q( √ q 3 q 4 q 5 q 6 ).
Since m 1 = q 2 q 3 q 4 , m 2 = q 2 , and m 3 = q 4 q 6 , if not all of n 1 , n 2 and n 3 are even, then m
3 is (up to the square of a rational integer) one of q 2 , q 3 q 4 , q 2 q 3 q 4 , q 3 q 6 , q 2 q 3 q 6 , q 4 q 6 , or q 2 q 4 q 6 . Because none of these is 1, q 1 q 2 q 3 q 4 , q 1 q 2 q 5 q 6 or q 3 q 4 q 5 q 6 , it follows by Proposition 8 3 is a square in K only when n 1 , n 2 and n 3 are all even. This proves {ε 1 , ε 2 , ε 3 } is a set of fundamental units for K.
Using Dirichlet's theorem on primes in arithmetic progression, choosing any prime q 1 ≡ 3 mod 4 and then the primes q i , i = 2, . . . , 6 inductively to satisfy the congruences necessary for the required quadratic residue relations with respect to the primes q j , j < i, constructs infinitely many such real biquadratic fields, completing the proof.
Example 1. For an explicit example: take q 1 = 31, q 2 = 47, q 3 = 67, q 4 = 7, q 5 = 19, q 6 = 11, with q 1 q 2 q 3 q 4 = 683333, q 1 q 2 q 5 q 6 = 304513, q 3 q 4 q 5 q 6 = 98021 and asociated quadratic residue data (−1, −1, −1, −1, 1, 1, −1, 1, 1, 1, −1, 1, 1, −1, −1) as in Theorem 4. The corresponding biquadratic field K = Q( √ 683333, √ 304513) has class group isomorphic to (Z/2Z) 2 ×(Z/4Z) and strict class group isomorphic to (Z/2Z)
Remark 10. There are many quadratic residue configurations (. . . , (
, . . . ), 1 ≤ i < j ≤ 6 for which {ε 1 , ε 2 , ε 3 } is a set of fundamental units for the composite biquadratic field K as in Theorem 4. For example, (−1, −1, −1, −1, 1, −1, −1, −1, −1, −1, −1, −1, −1, 1, −1) is another instance-an explicit example of which is given by q 1 = 43, q 2 = 11, q 3 = 23, q 4 = 31, q 5 = 47, q 6 = 3, so that K = Q( √ 337249, √ 66693), whose class group is isomorphic to (Z/2Z) 2 ×(Z/24Z) and whose strict class group is isomorphic to (Z/2Z) 3 ×(Z/4Z)×(Z/24Z). In fact, the method of proof of Theorem 4 applies to 14080 of the 2 15 total possible quadratic residue configurations.
Remark 11. By [D] , the strict class group of the biquadratic field K in Theorem 4 always contains at least one element of order 4.
Real multiquadratic fields
As previously noted, the unit signature rank of a real biquadratic field K is influenced both by the signatures of the fundamental units of its three quadratic subfields and by how those fundamental units are situated in the units of K. As we now show, the signatures provided by the units from the quadratic subfields provide relatively few signatures in higher rank multiquadratic fields.
We first observe that units from real quadratic subfields define characters of Galois extensions of Q, a result that may be of independent interest. Lemma 1. Suppose that L is any Galois extension of Q contained in C and that ε > 0 is a unit in a real quadratic subfield of L. Then the map χ ε defined by χ ε (σ) = sign(σ(ε)) defines a character of Gal(L/Q).
Proof. Since σ(ε) = sign(σ(ε))/ε if σ acts nontrivially on ε, we have σ(ε) = sign(σ(ε)) ε ±1 for all σ. Then for any σ, τ ∈ Gal(L/Q),
from which it follows that
Suppose in particular that L is a real multiquadratic extension of rank t, that is, L is a Galois extension of Q contained in the reals with Gal(L/Q) ≃(Z/2Z) t . The field L contains precisely 2 t − 1 real quadratic subfields. For 1 ≤ i ≤ 2 t − 1 let ε i denote the fundamental unit from the quadratic subfield k i of L and assume Norm k i /Q (ε) = −1 for every i.
The signature of ε i , considered as an element of L, consists of 2 t−1 values of 1 (or 0 when viewed additively) for the automorphisms σ ∈ Gal(L/k i ) ≤ Gal(L/Q) that fix k i and 2 t−1 values of −1 (or 1 when viewed additively) for the nontrivial coset of Gal(L/k i ) in Gal(L/Q). If χ i = χ ε i denotes the character given by the signatures of ε i as in Lemma 1, then χ i is a character of order 2 whose kernel is Gal(L/k i ). Since the subgroups Gal(L/k i ) for 1 ≤ i ≤ 2 t − 1 are all the distinct subgroups of G of index 2, it follows that the χ i for 1 ≤ i ≤ 2 t − 1 give all the nontrivial characters of G. Viewing the characters χ i as having additive values in F 2 , it follows that the 2 t × 2 t matrix over F 2 of signatures of {−1, ε 1 , . . . , ε 2 t −1 } is the character table for G except that the row for the trivial character of G is replaced by a row consisting of 1's (the signature of −1 viewed additively).
As a result, the rank of this matrix is t + 1: the character group is isomorphic to (Z/2Z) t , so is generated by t elements, and the row of 2 t 1's is independent of the remaining rows (all of which have a 0 in the column corresponding to the identity element in G).
If any of the units ε i from the quadratic subfields of L has norm +1, then the rank of the group of signatures can only decrease. We summarize this in the following proposition. Proposition 9. The maximum possible signature rank coming from the units in the 2 t − 1 real quadratic subfields of a real multiquadratic field L of rank t is t + 1.
Remark 12. The field L = Q( √ p 1 , . . . , √ p t ) for primes p 1 , . . . , p t all ≡ 1 mod 4 shows the maximum value of t + 1 can be achieved. For a biquadratic field, this maximum is 3, as noted in equation (14).
The following result shows that for (Z/2Z) 3 extensions generated by the square roots of primes it is not possible to have a unit signature rank less than 3 (compare to Remark 9 that the analogous (Z/2Z) 2 extensions have signature rank at least 2). Proof. Suppose that either l 1 = 2 or l 1 ≡ 1 mod 4 and that l 2 ≡ 1 mod 4. Then the unit signature rank of the biquadratic field Q( √ l 1 , √ l 2 ) is at least 3 from the first three rows of (14), so K also has at least 3 independent unit signatures. Suppose next that either l 1 = 2 or l 1 ≡ 1 mod 4 and that l 2 ≡ l 3 ≡ 3 mod 4. Then the biquadratic field Q( √ l 2 , √ l 3 ) has unit signature rank at least 2 by Remark 9, and the fundamental unit from Q( √ l 1 ) provides an independent signature, so again the unit signature rank of K is at least 3.
It remains to consider the case when l 1 ≡ l 2 ≡ l 3 ≡ 3 mod 4. If at least two of l 1 , l 2 , l 3 are congruent to 3 mod 8, then (1) of Theorem 3 implies the unit signature rank of K is at least 3. Suppose finally that l 1 ≡ l 2 ≡ 7 mod 8 and order l 1 , l 2 so that (l 1 /l 2 ) = +1. Then as in the proof of (2) of Theorem 3, the square root of the fundamental unit of Q( √ l 1 l 2 ) lies in K and differs from 1/ √ l 1 by a totally positive element. Similarly (from the proof of (2) of Theorem 3 if l 3 ≡ 7 mod 8, and by the proof of (3) of Theorem 3 if l 3 ≡ 3 mod 8), the square root of the fundamental unit of Q( √ l 2 l 3 ) lies in K and differs from either 1/ √ l 2 or 1/ √ l 3 (according as (l 2 /l 3 ) = +1 or (l 2 /l 3 ) = −1, respectively) by a totally positive element. These units together with −1 show that K contains units with at least 3 independent signatures. Finally, a computation shows Q( √ 7, √ 23, √ 127) has unit signature rank 3, with similar computations for the remaining fields, completing the proof.
Although by the previous proposition it is not possible to find a real (Z/2Z) 3 -extension with unit signature rank less than 3 that is generated by square roots of primes, it is possible to prove the existence of infinitely many real (Z/2Z) 3 -extensions having unit signature rank 1, using the same sort of techniques as in the proof of Theorem 4. We first make a general remark about certain norms from quadratic extensions.
Suppose m = i∈S 1 q i is the norm of an integer from Q( √ q 1 · · · q n ) with n even, with q 1 , . . . , q n distinct primes each congruent to 3 mod 4, and with S 1 a nonempty proper subset of {1, 2, . . . , n}. Let S 2 be the complement of S 1 , so S 1 ⊔ S 2 = {1, 2, . . . , n} (disjoint union). Then since m is the norm of an integer,
with integers a and b, which implies Proof. Using Table 1 , we see that the values of m i = m ε i for six of the quadratic subfields k i of K are as in Table 5 k i m i = m ε i Q( √ q 1 q 2 q 3 q 4 ) m 1 = q 2 q 3 q 4 Q( √ q 1 q 2 q 5 q 6 ) m 2 = q 2 Q( √ q 3 q 4 q 5 q 6 ) m 3 = q 4 q 6 Q( √ q 1 q 2 q 7 q 8 ) m 4 = q 7 Q( √ q 3 q 4 q 7 q 8 ) m 5 = q 7 q 8 Q( √ q 5 q 6 q 7 q 8 ) m 6 = q 6 Table 5 Using the values of the quadratic residue symbols (q i /q j ), 1 ≤ i < j ≤ 8, together with equations (21) and (22) shows that the only possibility for m 7 , the value of m ε for the remaining quadratic subfield Q( √ q 1 q 2 q 3 q 4 q 5 q 6 q 7 q 8 ), is q 1 q 6 q 7 , q 3 q 5 q 7 or q 1 q 3 q 5 q 6 . An examination of the values (q 2 q 3 q 4 ) n 1 q n 2 2 (q 4 q 6 ) n 3 q n 4 7 (q 7 q 8 ) n 5 q n 6 6      (q 1 q 6 q 7 ) n 7 (q 3 q 5 q 7 ) n 7
(q 1 q 3 q 5 q 6 ) n 7      for n i equal to 0 or 1, 1 ≤ i ≤ 7, shows that only n 1 = n 2 = · · · = n 7 = 0 gives one of the values 1, q 1 q 2 q 3 q 4 , q 1 q 2 q 5 q 6 , q 3 q 4 q 5 q 6 , q 1 q 2 q 7 q 8 , q 3 q 4 q 7 q 8 , q 5 q 6 q 7 q 8 , or q 1 q 2 q 3 q 4 q 5 q 6 q 7 q 8 up to a square. It follows that there are no quadratic relations among the fundamental units ε i , 1 ≤ i ≤ 7. Since the quotient of E K by the group −1, ε 1 , . . . , ε 7 is a finite abelian 2-group, the fact that there are no elements of order 2 in this quotient shows that E K = −1, ε 1 , . . . , ε 7 . As before, choosing primes q 1 , . . . , q 8 inductively using Dirichlet's theorem on primes in arithmetic progressions shows there are infinitely many such triquadratic fields K.
Example 2. An explicit example of a field K as in Theorem 5 is given by taking q 1 = 11, q 2 = 67, q 3 = 991, q 4 = 47, q 5 = 31, q 6 = 7, q 7 = 199, q 8 = 19. In this case, the value of m ε for the quadratic subfield Q( √ q 1 q 2 q 3 q 4 q 5 q 6 q 7 q 8 ), is q 3 q 5 q 7 = 6113479 (here the fundamental unit ε has size roughly 1.76(10 8153 )). i,3 would be a square in K i , which implies a i,1 = a i,2 = a i,3 = 0 since ε i,1 , ε i,2 and ε i,3 are independent modulo squares in K i . Hence a i,j = 0 for every i and j, so the 3t totally positive units ε i,j for 1 ≤ i ≤ t and 1 ≤ j ≤ 3 are independent modulo squares in L, which proves (1).
Applying the same proof, mutatis mutandis, using Theorem 5 instead of Theorem 4 proves (2), so we omit the details.
